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1. Smooth surfaces from bilinear patches: Discrete affine minimal surfaces

June 2013

Florian Käferböck | Helmut Pottmann

Abstract: Motivated by applications in freeform architecture, we study surfaces which are composed of 

smoothly joined bilinear patches. These surfaces turn out to be discrete versions of negatively curved affine 

minimal surfaces and share many properties with their classical smooth counterparts. We present 

computational design approaches and study special cases which should be interesting for the architectural 

application.

2. ISOGAT: A 2D tutorial MATLAB code for Isogeometric Analysis

November 2010

A.-V. Vuong | Ch. Heinrich | B. Simeon

Abstract: A tutorial 2D MATLAB code for solving elliptic diffusion-type problems, including Poisson's equation 

on single patch geometries, is presented. The basic steps of Isogeometric Analysis are explained and two 

examples are given. The code has a very lean structure and has been kept as simple as possible, such that 

the analogy but also the differences to traditional finite element analysis become apparent. It is not intended 

for large-scale problems.

3. Optimal tool orientation control for 5-axis CNC milling with ball-end cutters

February 2013

Rida T. Farouki | Shiqiao Li

Abstract: When a ball-end milling tool cuts a given path on a smooth surface, it is desirable to maintain a fixed 

angle ψ between the tool axis a and the local surface normal n at each point, to ensure a constant speed of 

the tool cutting edge against the surface. This means that the tool axis a must lie on a cone of angle ψ about 

the surface normal n at each point, but its azimuthal position on this cone remains indeterminate. To resolve 

this indeterminacy, while minimizing actuation of the rotary axes that orient the workpiece relative to the tool, 

the component of a in the surface tangent plane is specified through the parallel transport of a given initial 

state along the path. This amounts to the integration of coupled first-order differential equations that involve 

the Christoffel symbols for the given surface. Alternatively, the tangent plane component of the tool axis a is 

shown to be rotation-minimizing with respect to the surface normal n, and its orientation relative to the 

Darboux frame along the tool path can be determined by integrating the geodesic curvature along that path. 

The method is illustrated by closed-form solutions for simple analytic surfaces, and numerical integration using 

an object-oriented software implementation for free-form surfaces. The real-time implementation of such 

rotation-minimizing 5-axis tool motions for free-form surfaces is well within the scope of modern CNC systems.

4. μ-Bases for complex rational curves

October 2013

Xuhui Wang | Ron Goldman

Abstract: We present a fast algorithm for finding a μ-basis for any rational planar curve that has a complex 

rational parametrization. We begin by identifying two canonical syzygies that can be extracted directly from 

any complex rational parametrization without performing any additional calculations. For generic complex 

rational parametrizations, these two special syzygies form a μ-basis for the corresponding real rational curve. 

In those anomalous cases where these two canonical syzygies do not form a μ-basis, we show how to quickly 

calculate a μ-basis by performing Gaussian elimination on these two special syzygies. We also present an 

algorithm to determine if a real rational planar curve has a complex rational parametrization. Examples are 

provided to illustrate our methods.

5. Rotation-minimizing Euler-Rodrigues rigid-body motion interpolants

October 2013

Rida T. Farouki | Chang Yong Han | Petroula Dospra | Takis Sakkalis

Abstract: A characterization for spatial Pythagorean-hodograph (PH) curves of degree 7 with rotation-

minimizing Euler–Rodrigues frames (ERFs) is determined, in terms of one real and two complex constraints 

on the curve coefficients. These curves can interpolate initial/final positions pi and pf and orientational frames 
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(ti,ui,vi) and (tf,uf,vf) so as to define a rational rotation-minimizing rigid body motion. Two residual free 

parameters, that determine the magnitudes of the end derivatives, are available for optimizing shape 

properties of the interpolant. This improves upon existing algorithms for quintic PH curves with rational rotation

-minimizing frames (RRMF quintics), which offer no residual freedoms. Moreover, the degree 7 PH curves with 

rotation-minimizing ERFs are capable of interpolating motion data for which the RRMF quintics do not admit 

real solutions. Although these interpolants are of higher degree than the RRMF quintics, their rotation-

minimizing frames are actually of lower degree (6 versus 8), since they coincide with the ERF. This novel 

construction of rational rotation-minimizing motions may prove useful in applications such as computer 

animation, geometric sweep operations, and robot trajectory planning.

6. Floating tangents for approximating spatial curves with G1 piecewise helices

June 2013

Alexandre Derouet-Jourdan | Florence Bertails-Descoubes | Joëlle Thollot

Abstract: Curves are widely used in computer science to describe real-life objects such as slender deformable 

structures. Using only 3 parameters per element, piecewise helices offer an interesting and compact way of 

representing digital curves. In this paper, we present a robust and fast algorithm to approximate Bézier curves 

with G1 piecewise helices. Our approximation algorithm takes a Bézier spline as input along with an integer N 

and returns a piecewise helix with N elements that closely approximates the input curve. The key idea of our 

method is to take N+1 evenly distributed points along the curve, together with their tangents, and interpolate 

these tangents with helices by slightly relaxing the points. Building on previous work, we generalize the proof 

for Ghoshʼs co-helicity condition, which serves us to guarantee the correctness of our algorithm in the general 

case. Finally, we demonstrate both the efficiency and robustness of our method by successfully applying it to 

various datasets of increasing complexity, ranging from synthetic curves created by an artist to automatic 

image-based reconstructions of real data such as hair, heart muscular fibers or magnetic field lines of a star.

7. Improving angular speed uniformity by reparameterization

October 2013

Jing Yang | Dongming Wang | Hoon Hong

Abstract: We introduce the notion of angular speed uniformity as a quality measure for parameter-izations of 

plane curves and propose an algorithm to compute uniform reparameterizations for quadratic and cubic 

curves. We prove that only straight lines have uniform rational parameterizations. For any plane curve other 

than lines, we show how to find a rational reparameterization that has the maximum uniformity among all the 

rational parameterizations of the same degree. We also establish specific results for quadratic and certain 

cubic Bézier curves.

8. Curve design with more general planar Pythagorean-hodograph quintic spiral segments

October 2013

D.J. Walton | D.S. Meek

Abstract: Spiral segments are useful in the design of fair curves. They are important in CAD/CAM applications, 

the design of highway and railway routes, trajectories of mobile robots and other similar applications. The 

quintic Pythagorean-hodograph (PH) curve discussed in this article is polynomial; it has the attractive 

properties that its arc-length is a polynomial of its parameter, and the formula for its offset is a rational 

algebraic expression. This paper generalises earlier results on planar PH quintic spiral segments and 

examines techniques for designing fair curves using the new results.

9. On the norms of the Dubuc–Deslauriers subdivision schemes

October 2013

Chongyang Deng | Kai Hormann | Zhifeng Zhang

Abstract: Conti et al. (2012, Remark 3.4) conjecture that the norm of the interpolatory 2n-point Dubuc–

Deslauriers subdivision scheme is bounded from above by 4 for any n∈N. We disprove their conjecture by 

showing that the norm grows logarithmically in n and therefore diverges as n increases.

10. Practical distribution-sensitive point location in triangulations

June 2013

Pedro Machado Manhães de Castro | Olivier Devillers

Abstract: We design, analyze, implement, and evaluate a distribution-sensitive point location algorithm based 

on the classical Jump & Walk, called Keep, Jump, & Walk. For a batch of query points, the main idea is to use 

previous queries to improve the current one. In practice, Keep, Jump, & Walk is actually a very competitive 

method to locate points in a triangulation. We also study some constant-memory distribution-sensitive point 

location algorithms, which work well in practice with the classical space-filling heuristic for fast point location. 
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Regarding point location in a Delaunay triangulation, we show how the Delaunay hierarchy can be used to 

answer, under some hypotheses, a query q with an O(log#(pq)) randomized expected complexity, where p is a 

previously located query and #(s) indicates the number of simplices crossed by the line segment s. The 

Delaunay hierarchy has O(nlogn) time complexity and O(n) memory complexity in the plane, and under certain 

realistic hypotheses these complexities generalize to any finite dimension. Finally, we combine the good 

distribution-sensitive behavior of Keep, Jump, & Walk, and the good complexity of the Delaunay hierarchy, 

into a novel point location algorithm called Keep, Jump, & Climb. To the best of our knowledge, Keep, Jump, & 

Climb is the first practical distribution-sensitive algorithm that works both in theory and in practice for Delaunay 

triangulations.

11. The Bernstein polynomial basis: A centennial retrospective

August 2012

Rida T. Farouki

Abstract: One hundred years after the introduction of the Bernstein polynomial basis, we survey the historical 

development and current state of theory, algorithms, and applications associated with this remarkable method 

of representing polynomials over finite domains. Originally introduced by Sergei Natanovich Bernstein to 

facilitate a constructive proof of the Weierstrass approximation theorem, the leisurely convergence rate of 

Bernstein polynomial approximations to continuous functions caused them to languish in obscurity, pending 

the advent of digital computers. With the desire to exploit the power of computers for geometric design 

applications, however, the Bernstein form began to enjoy widespread use as a versatile means of intuitively 

constructing and manipulating geometric shapes, spurring further development of basic theory, simple and 

efficient recursive algorithms, recognition of its excellent numerical stability properties, and an increasing 

diversification of its repertoire of applications. This survey provides a brief historical perspective on the 

evolution of the Bernstein polynomial basis, and a synopsis of the current state of associated algorithms and 

applications.

12. Computing the topology of a real algebraic plane curve whose defining equations are available 

only “by values”

October 2013

Robert M. Corless | Gema M. Diaz-Toca | Mario Fioravanti | Laureano Gonzalez-Vega | Ignacio F. Rua | Azar 

Shakoori

Abstract: This paper is devoted to introducing a new approach for computing the topology of a real algebraic 

plane curve presented either parametrically or defined by its implicit equation when the corresponding 

polynomials which describe the curve are known only “by values”. This approach is based on the replacement 

of the usual algebraic manipulation of the polynomials (and their roots) appearing in the topology 

determination of the given curve with the computation of numerical matrices (and their eigenvalues). Such 

numerical matrices arise from a typical construction in Elimination Theory known as the Bézout matrix which in 

our case is specified by the values of the defining polynomial equations on several sample points.

13. Isogeometric simulation of turbine blades for aircraft engines

October 2012

David Großmann | Bert Jüttler | Helena Schlusnus | Johannes Barner | Anh-Vu Vuong

Abstract: Isogeometric analysis is a novel approach to numerical simulation that has the potential to bridge the 

gap between geometric design and numerical analysis. It uses the same exact geometry representation in all 

stages of the product development. In this paper we present recent results which demonstrate the 

competitiveness of the new concept in an industrial environment, more precisely, in the challenging field of 

aircraft engines. We study the deformation of turbine blades under the assumption of linear elasticity by 

considering all major loads and boundary conditions of a standard mechanical simulation process for turbine 

blades. We use the numerical approximations obtained by the classical finite element method as a benchmark 

for the capabilities of the new concept. It is shown that it is able to reach comparable results using only a small 

fraction of the number of degrees of freedom required by the classical method. Thus, isogeometric analysis 

allows using much coarser geometric representations for numerical simulation.

14. Extremum problems for eigenvalues of discrete Laplace operators

June 2013

Ren Guo

Abstract: The P1 discretization of the Laplace operator on a triangulated polyhedral surface is related to 

geometric properties of the surface. This paper studies extremum problems for eigenvalues of the P1 

discretization of the Laplace operator. Among all triangles, an equilateral triangle has the maximal first positive 

eigenvalue. Among all cyclic quadrilaterals, a square has the maximal first positive eigenvalue. Among all 
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cyclic n-gons, a regular one has the minimal value of the sum of all positive eigenvalues and the minimal value 

of the product of all positive eigenvalues.

15. De Casteljauʼs algorithm on manifolds

October 2013

E. Nava-Yazdani | K. Polthier

Abstract: This paper proposes a generalization of the ordinary de Casteljau algorithm to manifold-valued data 

including an important special case which uses the exponential map of a symmetric space or Riemannian 

manifold. We investigate some basic properties of the corresponding Bézier curves and present applications 

to curve design on polyhedra and implicit surfaces as well as motion of rigid body and positive definite 

matrices. Moreover, we apply our approach to construct canal and developable surfaces.

16. Polynomial splines over locally refined box-partitions

March 2013

Tor Dokken | Tom Lyche | Kjell Fredrik Pettersen

Abstract: We address progressive local refinement of splines defined on axes parallel box-partitions and 

corresponding box-meshes in any space dimension. The refinement is specified by a sequence of mesh-

rectangles (axes parallel hyperrectangles) in the mesh defining the spline spaces. In the 2-variate case a 

mesh-rectangle is a knotline segment. When starting from a tensor-mesh this refinement process builds what 

we denote an LR-mesh, a special instance of a box-mesh. On the LR-mesh we obtain a collection of 

hierarchically scaled B-splines, denoted LR B-splines, that forms a nonnegative partition of unity and spans 

the complete piecewise polynomial space on the mesh when the mesh construction follows certain simple 

rules. The dimensionality of the spline space can be determined using some recent dimension formulas.

17. Constructive G1 connection of multiple freeform pipes in arbitrary poses

June 2013

Pei Zhou | Wen-Han Qian

Abstract: This paper expands the application scope of pipe connection to multiple pipes having freeform cross 

sections and arbitrary poses. Starting with a typical case — bifurcation, we first connect every two pipe ends 

of totally three using side patches. Inside them appear two holes. Usually the 6 sides of each hole are short 

(on the pipe edges) and long (on the side patch edges) alternately. Then in each hole draw three optimized 

geometric Hermite (OGH) curves connecting two long edges and roughly parallel to a short edge, thus splitting 

the hole into 4 regions: three 4-sided and a more regular 6-sided. The former are interpolated by three setback 

patches, while the latter by hole-filling patches using the well-known central split. As illustrated with several 

practical examples, the above three building blocks can build miscellaneous multiple pipe blending, 

guaranteed to be G1-continuous and twist compatible.

18. A class of generalized B-spline curves

January 2013

Imre Juhász | Ágoston Róth

Abstract: The classical B-spline functions of order k⩾2 are recursively defined as a special combination of two 

consecutive B-spline functions of order k−1. At each step, this recursive definition is based, in general, on 

different reparametrizations of the strictly increasing identity (linear core) function φ(u)=u. This paper 

generalizes the concept of the classical normalized B-spline functions by considering monotone increasing 

continuously differentiable nonlinear core functions instead of the classical linear one. These nonlinear core 

functions are not only interesting from a theoretical perspective, but they also provide a large variety of 

shapes.We show that many advantageous properties (like the non-negativity, local support, the partition of 

unity, the effect of multiple knot values, the special case of Bernstein polynomials and endpoint interpolation 

conditions) of the classical normalized B-spline functions remain also valid for this generalized case, moreover 

we also provide characterization theorems for not so obvious (geometrical) properties like the first and higher 

order continuity of the generalized normalized B-spline functions, C1 continuous envelope contact property of 

the family of curves obtained by altering a selected knot value between its neighboring knots. Characterization 

theorems are illustrated by test examples.We also outline new research directions by ending our paper with a 

list of open problems and conjectures underpinned by numerous successful numerical tests.

19. Advanced surface fitting techniques

January 2002

V. Weiss | L. Andor | G. Renner | T. Várady

Abstract: In spite of extensive research on fitting parametric surfaces, the published ‘standard’ solutions often 

fail, when data points are irregularly distributed over topologically irregular domains, high accuracy is required 
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and the free quantities of least squares fitting—such as the number and placement of knots, the weights of the 

smoothing functionals and the best parametrisation of the data points—must be set without user assistance. 

Further difficulties arise when the fitted surface needs to be extended in a natural way and hole loops without 

underlying point data need to be covered smoothly. This paper attempts to analyse the above difficulties and 

provide practical solutions to overcome these. Main results include algorithms to compute a good initial 

parametrisation, a fitting strategy to maintain tight tolerances and smoothness simultaneously, to handle 

weakly defined control points and a shape dependent knot refinement procedure. A few examples and 

suggestions for future work conclude the paper.

20. Splines and unsorted knot sequences

October 2013

Jörg Peters

Abstract: The definition of a B-spline is extended to unordered knot sequences. The added flexibility implies 

that the resulting piecewise polynomials, named U-splines, can be negative and locally linearly dependent. It 

is therefore remarkable that linear combinations of U-splines retain many properties of splines in B-spline form 

including smoothness, polynomial reproduction, and evaluation by recurrence.

21. Topologically robust B-spline surface reconstruction from point clouds using level set methods 

and iterative geometric fitting algorithms

October 2012

Hiroki Yoshihara | Tatsuya Yoshii | Tadahiro Shibutani | Takashi Maekawa

Abstract: In this paper, we present a procedure for automatically reconstructing an arbitrary topological 

surface from an unorganized point data set; this surface will have three representations, namely quadrilateral 

meshes, Catmull–Clark subdivision surfaces, and B-spline surfaces. Our novel reconstruction method adapts 

a level set method to capture the topology of the point clouds in a robust manner and then employs an 

iterative geometric fitting algorithm to generate high-quality Catmull–Clark subdivision surfaces. A quadrilateral 

mesh is generated by projecting the control net of the resulting Catmull–Clark surface onto its limit surface. 

Finally, the control net of the Catmull–Clark surface is converted to that of a B-spline surface. The 

reconstructed models of topologically complex models show the effectiveness of the proposed algorithm.

22. Mean value coordinates

March 2003

Michael S. Floater

Abstract: We derive a generalization of barycentric coordinates which allows a vertex in a planar triangulation 

to be expressed as a convex combination of its neighbouring vertices. The coordinates are motivated by the 

Mean Value Theorem for harmonic functions and can be used to simplify and improve methods for 

parameterization and morphing.

23. Rational splines for Hermite interpolation with shape constraints

March 2013

Jean-Louis Merrien | Paul Sablonnière

Abstract: This paper is concerned in shape-preserving Hermite interpolation of a given function f at the 

endpoints of an interval using rational functions. After a brief presentation of the general Hermite problem, we 

investigate two cases. In the first one, f and f′ are given and it is proved that for any monotonic set of data, it is 

always possible to construct a monotonic rational function of type [3/2] interpolating those data. Positive and 

convex interpolants can be computed by a similar method. In the second case, results are proved using 

rational function of type [5/4] for interpolating the data coming from f, f′ and f″ with the goal of constructing 

positive, monotonic or convex interpolants. Error estimates are given and numerical examples illustrate the 

algorithms.

24. Isoptics of Bézier curves

January 2013

Roland Kunkli | Ildikó Papp | Miklós Hoffmann

Abstract: Given a planar curve s(t), the locus of those points from which the curve can be seen under a fixed 

angle is called isoptic curve of s(t).Isoptics are well-known and widely studied, especially for some classical 

curves such as e.g. conics (Loria, 1911). They can theoretically be computed for a large class of parametric 

curves by the help of their support functions or by direct computation based on the definition, but unfortunately 

these computations are extremely complicated even for simple curves.Our purpose is to describe the isoptics 

of those curves which are still frequently used in geometric modeling – the Bézier curves. It turns out that for 

low degree Bézier curves the direct computation is possible, but already for degree 4 or 5 the formulas are 
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getting too complicated even for computer algebra systems. Thus we provide a new way to solve the problem, 

proving some geometric relations of the curve and their isoptics, and computing the isoptics as the envelope 

of envelopes of families of isoptic circles over the chords of the curve.

25. Fast B-spline curve fitting by L-BFGS

October 2012

Wenni Zheng | Pengbo Bo | Yang Liu | Wenping Wang

Abstract: We propose a fast method for fitting planar B-spline curves to unorganized data points. In traditional 

methods, optimization of control points and foot points are performed in two alternating time-consuming steps 

in every iteration: 1) control points are updated by setting up and solving a linear system of equations; and 2) 

foot points are computed by projecting each data point onto a B-spline curve. Our method uses the L-BFGS 

optimization method to optimize control points and foot points simultaneously and therefore it does not need to 

solve a linear system of equations or performing foot point projection in every iteration. As a result, the 

proposed method is much faster than existing methods.
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