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1. Symbolic computation of strongly nonlinear periodic oscillations

August 2013

Y.P. Liu | S.J. Liao | Z.B. Li

Abstract: Based on Wuʼs elimination method and homotopy analysis method (HAM), an algorithm is proposed 

to compute accurate analytic approximation of periodical oscillations with high nonlinearity. A Maple package 

is developed for periodically oscillating systems of center and limit cycle types, which delivers accurate 

approximations of frequency, mean of motion and amplitude of oscillation automatically. Since HAM is valid for 

highly nonlinear problems, the package can be used to find accurate approximate solutions of nonlinear 

oscillation systems with strong nonlinearity. For systems with physical parameters, it can provide possible 

constraint conditions on parameters. Several examples are given to illustrate the validity and effectiveness of 

the algorithm and the Maple package. This package is freely available online, which provides an easy-to-use 

tool for scientist and engineer to solve accurate approximations of periodic oscillations of dynamic systems 

with high nonlinearity.

2. Improved polynomial remainder sequences for Ore polynomials

Available online 30 May 2013

Maximilian Jaroschek

Abstract: Polynomial remainder sequences contain the intermediate results of the Euclidean algorithm when 

applied to (non-)commutative polynomials. The running time of the algorithm is dependent on the size of the 

coefficients of the remainders. Different ways have been studied to make these as small as possible. The 

subresultant sequence of two polynomials is a polynomial remainder sequence in which the size of the 

coefficients is optimal in the generic case, but when taking the input from applications, the coefficients are 

often larger than necessary. We generalize two improvements of the subresultant sequence to Ore 

polynomials and derive a new bound for the minimal coefficient size. Our approach also yields a new proof for 

the results in the commutative case, providing a new point of view on the origin of the extraneous factors of 

the coefficients.

3. Symbolic computation of exact solutions expressible in hyperbolic and elliptic functions for 

nonlinear PDEs

June 2004

D. Baldwin | Ü. Göktaş | W. Hereman | L. Hong | R.S. Martino | J.C. Miller

Abstract: Algorithms are presented for the tanh- and sech-methods, which lead to closed-form solutions of 

nonlinear ordinary and partial differential equations (ODEs and PDEs). New algorithms are given to find exact 

polynomial solutions of ODEs and PDEs in terms of Jacobi’s elliptic functions.For systems with parameters, 

the algorithms determine the conditions on the parameters so that the differential equations admit polynomial 

solutions in tanh, sech, combinations thereof, Jacobi’s sn or cn functions. Examples illustrate key steps of the 

algorithms.The new algorithms are implemented in Mathematica. The package PDESpecialSolutions.m can 

be used to automatically compute new special solutions of nonlinear PDEs. Use of the package, 

implementation issues, scope, limitations, and future extensions of the software are addressed.A survey is 

given of related algorithms and symbolic software to compute exact solutions of nonlinear differential 

equations.

4. Automorphism group computation and isomorphism testing in finite groups

March 2003

John J. Cannon | Derek F. Holt

Abstract: A new method for computing the automorphism group of a finite permutation group and for testing 

two such groups for isomorphism is described. Some performance statistics are included for an 

implementation of these algorithms in the Magmalanguage.

5. Matrix multiplication via arithmetic progressions

March 1990

Don Coppersmith | Shmuel Winograd
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We present a new method for accelerating matrix multiplication asymptotically. Thiswork builds on recent 

ideas of Volker Strassen, by using a basic trilinear form which is not a matrix product. We make novel use of 

the Salem-Spencer Theorem, which gives a fairly dense set of integers with no three-term arithmetic 

progression. Our resulting matrix exponent is 2.376.

6. Computational algebraic geometry

October 2013

T. Shaska

7. Bruno Buchberger’s PhD thesis 1965: An algorithm for finding the basis elements of the residue 

class ring of a zero dimensional polynomial ideal

March–April 2006

Bruno Buchberger

Abstract: This is the English translation (by Michael P. Abramson) of the PhD thesis of Bruno Buchberger, in 

which he introduced the algorithmic theory of Gröbner bases. Some comments by Buchberger on the 

translation and the thesis are given in an additional short paper in this issue of the Journal of Symbolic 

Computation.

8. Curves testing boundedness of polynomials on subsets of the real plane

September 2013

Maria Michalska

Abstract: Let S⊂R2 be a semialgebraic set. We exhibit a family of semialgebraic plane curves Γc, c⩾0, such 

that a polynomial f∈R[X,Y] is bounded on S if and only if it is bounded on a finite number of curves from this 

family. This number depends on S and degf. More precisely, each Γc is a sum of at most l continuous 

semialgebraic curves Γic, each parametrized by a Puiseux polynomial, where the number l and the family of 

curves Γic depend on the set S only. To this aim we describe the algebras of bounded polynomials on 

tentacles of the set S which determine the algebra of polynomials bounded on S.

9. An algorithm to parametrize approximately space curves

September 2013

Sonia L. Rueda | Juana Sendra | J. Rafael Sendra

Abstract: We present an algorithm that, given a non-rational irreducible real space curve, satisfying certain 

conditions, computes a rational parametrization of a space curve near the input one. For a given tolerance 

ϵ>0, the algorithm checks whether a planar projection of the given space curve is ϵ-rational and, in the 

affirmative case, generates a planar parametrization that is lifted to a space parametrization. This output 

rational space curve is of the same degree as the input curve, both have the same structure at infinity, and the 

Hausdorff distance between their real parts is finite. Moreover, in the examples we check that the distance is 

small.

10. Corrigendum to “Rational rotation-minimizing frames on polynomial space curves of arbitrary 

degree” [J. Symbolic Comput. 45 (8) (2010) 844–856]

Available online 7 June 2013

Rida T. Farouki | Takis Sakkalis

Abstract: The existence of rational rotation-minimizing frames on polynomial space curves is characterized by 

the satisfaction of a certain identity among rational functions. Part 2 of Remark 5.1 in the original paper states 

an inequality among the degrees of the denominators of these rational functions, but the proof given therein 

was incomplete. A formal proof of this inequality, which is essential to the complete categorization of rational 

rotation-minimizing frames on polynomial space curves, appears to be a rather formidable task. Since all 

known examples and special cases suggest that the inequality is correct, it is restated here as a conjecture 

rather than a definitive result, and some preliminary steps towards the proof are presented.

11. Ideal-specific elimination orders form a star-shaped region

September 2013

Hartwig Bosse | Christine Gärtner | Oleg Golubitsky

Abstract: This paper shows that for any given polynomial ideal I⊂K[x1,…,xn] the collection of Gröbner cones 

corresponding to I-specific elimination orders forms a star-shaped region which contrary to first intuition in 

general is not convex.Moreover we show that the corresponding region may contain Gröbner cones 

intersecting in the boundary of the Gröbner fan in the origin only. This implies that Gröbner walks aiming for 

the elimination of variables from a polynomial ideal can be terminated earlier than previously known. We 
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provide a slightly improved stopping criterion for a known Gröbner walk algorithm for the elimination of 

variables.

12. Rank-profile revealing Gaussian elimination and the CUP matrix decomposition

September 2013

Claude-Pierre Jeannerod | Clément Pernet | Arne Storjohann

Abstract: Transforming a matrix over a field to echelon form, or decomposing the matrix as a product of 

structured matrices that reveal the rank profile, is a fundamental building block of computational exact linear 

algebra. This paper surveys the well-known variations of such decompositions and transformations that have 

been proposed in the literature. We present an algorithm to compute the CUP decomposition of a matrix, 

adapted from the LSP algorithm of Ibarra, Moran and Hui (1982), and show reductions from the other most 

common Gaussian elimination based matrix transformations and decompositions to the CUP decomposition. 

We discuss the advantages of the CUP algorithm over other existing algorithms by studying time and space 

complexities: the asymptotic time complexity is rank sensitive, and comparing the constants of the leading 

terms, the algorithms for computing matrix invariants based on the CUP decomposition are always at least as 

good except in one case. We also show that the CUP algorithm, as well as the computation of other invariants 

such as transformation to reduced column echelon form using the CUP algorithm, all work in place, allowing 

for example to compute the inverse of a matrix on the same storage as the input matrix.

13. Algorithmic proofs of two theorems of Stafford

December 2004

Anton Leykin

Abstract: Two classical results of Stafford say that every (left) ideal of the n-th Weyl algebra An can be 

generated by two elements, and every holonomic An-module is cyclic, i.e. generated by one element. We 

modify Stafford’s original proofs to make the algorithmic computation of these generators possible.

14. Computing with real Lie algebras: Real forms, Cartan decompositions, and Cartan subalgebras

September 2013

Heiko Dietrich | Paolo Faccin | Willem A. de Graaf

Abstract: We describe algorithms for performing various tasks related to real simple Lie algebras. These 

algorithms form the basis of our software package CoReLG, written in the language of the computer algebra 

system GAP4. First, we describe how to efficiently construct real simple Lie algebras up to isomorphism. 

Second, we consider a real semisimple Lie algebra g. We provide an algorithm for constructing a maximally 

(non-)compact Cartan subalgebra of g; this is based on the theory of Cayley transforms. We also describe the 

construction of a Cartan decomposition g=k⊕p. Using these results, we provide an algorithm to construct all 

Cartan subalgebras of g up to conjugacy; this is a constructive version of a classification theorem due to 

Sugiura.

15. Effective lattice point counting in rational convex polytopes

October 2004

Jesús A. De Loera | Raymond Hemmecke | Jeremiah Tauzer | Ruriko Yoshida

Abstract: This paper discusses algorithms and software for the enumeration of all lattice points inside a 

rational convex polytope: we describe LattE, a computer package for lattice point enumeration which contains 

the first implementation of A. Barvinok’s algorithm (Math. Oper. Res. 19 (1994) 769).We report on 

computational experiments with multiway contingency tables, knapsack type problems, rational polygons, and 

flow polytopes. We prove that these kinds of symbolic–algebraic ideas surpass the traditional branch-and-

bound enumeration and in some instances LattE is the only software capable of counting. Using LattE, we 

have also computed new formulas of Ehrhart (quasi-)polynomials for interesting families of polytopes 

(hypersimplices, truncated cubes, etc).We end with a survey of other “algebraic–analytic” algorithms, including 

a “homogeneous” variation of Barvinok’s algorithm which is very fast when the number of facet-defining 

inequalities is much smaller compared to the number of vertices.

16. On determinants and eigenvalue theory of tensors

March 2013

Shenglong Hu | Zheng-Hai Huang | Chen Ling | Liqun Qi

Abstract: We investigate properties of the determinants of tensors, and their applications in the eigenvalue 

theory of tensors. We show that the determinant inherits many properties of the determinant of a matrix. 

These properties include: solvability of polynomial systems, product formula for the determinant of a block 

tensor, product formula of the eigenvalues and Geršgorinʼs inequality. As a simple application, we show that if 

the leading coefficient tensor of a polynomial system is a triangular tensor with nonzero diagonal elements, 
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then the system definitely has a solution in the complex space. We investigate the characteristic polynomial of 

a tensor through the determinant and the higher order traces. We show that the k-th order trace of a tensor is 

equal to the sum of the k-th powers of the eigenvalues of this tensor, and the coefficients of its characteristic 

polynomial are recursively generated by the higher order traces. Explicit formula for the second order trace of 

a tensor is given.

17. Proving isometry for homogeneous Einstein metrics on flag manifolds by symbolic computation

August 2013

Andreas Arvanitoyeorgos | Ioannis Chrysikos | Yusuke Sakane

Abstract: The question whether two Riemannian metrics on a certain manifold are isometric is a fundamental 

and also a challenging problem in differential geometry. In this paper we ask whether two non-Kähler 

homogeneous Einstein metrics on a certain flag manifold are isometric. We tackle this question by 

reformulating it into a related question on a parametric system of polynomial equations and answering it by 

carefully combining Gröbner bases and geometrical arguments. Using this technique, we are able to prove the 

isometry of such metrics.

18. Thirty years of Polynomial System Solving, and now?

March 2009

Daniel Lazard

Abstract: In this introductory paper to the special issue, I describe first my personal view of the history of 

Polynomial System Solving during my career. Then I describe the main challenges which are now opened by 

the availability of efficient zero-dimensional solvers.

19. Parallel computation of determinants of matrices with polynomial entries

June 2004

Ana Marco | José-Javier Martıńez

Abstract: An algorithm for computing the determinant of a matrix whose entries are multivariate polynomials is 

presented. It is based on classical multivariate Lagrange polynomial interpolation, and it exploits the 

Kronecker product structure of the coefficient matrix of the linear system associated with the interpolation 

problem. From this approach, the parallelization of the algorithm arises naturally. The reduction of the 

intermediate expression swell is also a remarkable feature of the algorithm.

20. On automorphisms groups of cyclic p-gonal Riemann surfaces

October 2013

Gabriel Bartolini | Antonio F. Costa | Milagros Izquierdo

Abstract: In this work we obtain the group of conformal and anticonformal automorphisms of real cyclic p-

gonal Riemann surfaces, where p⩾3 is a prime integer and the genus of the surfaces is at least (p−1)2+1. We 

use Fuchsian and NEC groups, and cohomology of finite groups.

21. Determinantal representations of hyperbolic plane curves: An elementary approach

October 2013

Daniel Plaumann | Cynthia Vinzant

Abstract: In 2007, Helton and Vinnikov proved that every hyperbolic plane curve has a definite real symmetric 

determinantal representation. By allowing for Hermitian matrices instead, we are able to give a new proof that 

relies only on the basic intersection theory of plane curves. We show that a matrix of linear forms is definite if 

and only if its co-maximal minors interlace its determinant and extend a classical construction of determinantal 

representations of Dixon from 1902. Like the Helton–Vinnikov theorem, this implies that every hyperbolic 

region in the plane is defined by a linear matrix inequality.

22. Eigenvalues of a real supersymmetric tensor

December 2005

Liqun Qi

Abstract: In this paper, we define the symmetric hyperdeterminant, eigenvalues and E-eigenvalues of a real 

supersymmetric tensor. We show that eigenvalues are roots of a one-dimensional polynomial, and when the 

order of the tensor is even, E-eigenvalues are roots of another one-dimensional polynomial. These two one-

dimensional polynomials are associated with the symmetric hyperdeterminant. We call them the characteristic 

polynomial and the E-characteristic polynomial of that supersymmetric tensor. Real eigenvalues (E-

eigenvalues) with real eigenvectors (E-eigenvectors) are called H-eigenvalues (Z-eigenvalues). When the 
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order of the supersymmetric tensor is even, H-eigenvalues (Z-eigenvalues) exist and the supersymmetric 

tensor is positive definite if and only if all of its H-eigenvalues (Z-eigenvalues) are positive. An mth-order n-

dimensional supersymmetric tensor where m is even has exactly n(m−1)n−1 eigenvalues, and the number of 

its E-eigenvalues is strictly less than n(m−1)n−1 when m≥4. We show that the product of all the eigenvalues is 

equal to the value of the symmetric hyperdeterminant, while the sum of all the eigenvalues is equal to the sum 

of the diagonal elements of that supersymmetric tensor, multiplied by (m−1)n−1. The n(m−1)n−1 eigenvalues 

are distributed in n disks in C. The centers and radii of these n disks are the diagonal elements, and the sums 

of the absolute values of the corresponding off-diagonal elements, of that supersymmetric tensor. On the other 

hand, E-eigenvalues are invariant under orthogonal transformations.

23. On decomposable semigroups and applications

Available online 14 May 2013

J.I. García-García | M.A. Moreno-Frías | A. Vigneron-Tenorio

Abstract: In this work we develop a framework to decrease the time complexity of well-known algorithms to 

compute the generator sets of a semigroup ideal by using the Hermite normal form. We introduce idea of 

decomposable semigroups, which fulfills that the computation of its ideal can be achieved by separately 

calculating over smaller semigroups, products of the decomposition. Our approach does not only decrease the 

time complexity of the problem, but also allows using parallel computational techniques. A combinatorial 

characterization of these semigroups is obtained and the concept of decomposable variety is introduced. 

Finally, some applications and practical results are provided.

24. On a new procedure for finding nonclassical symmetries

December 2004

Nicoleta Bîlă | Jitse Niesen

Abstract: A new technique for deriving the determining equations of nonclassical symmetries associated with a 

partial differential equation system is introduced. The problem is reduced to computing the determining 

equations of the classical symmetries associated with a related equation with coefficients which depend on the 

nonclassical symmetry operator. As a consequence, all the symbolic manipulation programs designed for the 

latter task can also be used to find the determining equations of the nonclassical symmetries, without any 

adaptation of the program. The algorithm was implemented as the maple routine gendefnc and uses the 

maple package desolv (authors Carminati and Vu). As an example, we consider the Huxley partial differential 

equation.

25. Efficient solution of linear diophantine equations

8 July 1989

Michael Clausen | Albrecht Fortenbacher

This paper presents a new method for finding complete information about the set of all nonnegative integer 

solutions of homogeneous and inhomogeneous linear diophantine equations. Such solutions are fundamental 

for associative-commutative unification. Our algorithm finds all minimal solutions as “monotone” paths in a 

graph which encodes the linear diophantine equation. This encoding makes repeated arithmetic operations 

obsolete and allows inexpensive tests for minimality of solutions. This graph algorithm compares favourably 

with the known methods, namely lexicogragraphic algorithm and completion procedure. A PASCAL 

implementation can be found in the Appendix.
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