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ABSTRACT
The aim of this work is to extend approximate aggregation methods for multi-time scale
systems of nonlinear ordinary differential equations to time discrete models. Approxi-
mate aggregation consist on describing the dynamics of a general system involving many
coupled variables by means of the dynamics of a reduced system with a few global
variables. We present discrete time models with two different time scales, the fast one
considered linear and the slow one generally nonlinear. We transform the system to make
the global variables appear, and use a version of center manifold theory to build up the
aggregated system. Simple forms of the aggregated system are enough for the local study
of the asymptotic behaviour of the general system provided that it has certain stability
under perturbations. The general method is applied to aggregate a multiregional density
dependent Leslie model into a density dependent Leslie model in which the demographic
rates are expressed in terms of the equilibrium proportions of individuals in the different
patches.

Keywords: Approximate aggregation of variables, population dynamics, time scales, dy-
namical systems, center manifold.

In ecological modelling we always have to deal with very complex systems. Any
model is a compromise between generality and simplicity on the one hand and
biological realism on the other. The more biological details are included in specify-
ing a model, the more complicated and specialized it becomes. Models describing
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ecological systems in detail involve a very large number of coupled variables, that
avoid a fruitful analytical study. At the other extreme, very simple models, which
are mathematically tractable, do not justify the assumptions to be made in order
to obtain such simplicity.

Aggregation methods study the relationship between a large class of complex
systems and their corresponding "aggregated" systems. The aim of aggregation
methods is twofold. First of all, the simpler aggregated systems summarize the
dynamics of the complex ones, allowing their analytical study, and secondly, the
complex systems justify the form of the aggregated ones.

The property of complex systems that allows their aggregation is the existence
of two or more different time scales. As a result we can think of a hierarchically
structured system with a division into subsystems that are weakly coupled and
simultaneously exhibit a strong internal dynamics, see [1]. The idea of aggregation
is then to choose a global variable, sometimes called a macrovariable, for each
subsystem and to build up a reduced system for these global variables.

The reduced system, or aggregated system, must reflect in a certain way both
dynamics, the one corresponding to the fast time scale and the one corresponding to
the slow time scale. The slow dynamics of the general system, the initial complex
one, usually corresponds to the dynamics of the reduced system, meanwhile the
fast dynamics of the general system is reflected in the coefficients of the reduced
one in such a way that it is possible to study the influences between the different
hierarchical levels, which seems meaningful from an ecological point of view.

The aggregation methods have already been developed in the case of continuous
time systems, systems of ordinary differential equations with different time scales,
see [1-4]. The authors have also studied the case of linear, density independent,
time discrete systems, see [5,20]. In the latter works we aggregate a very general
linear model and prove that the elements defining the asymptotic behaviour of the
general and the aggregated systems are equal up to certain order. These results
are applied to models of structured populations with subpopulations in each stage
class associated to different spatial patches or individual activities, considering a
fast time scale for patch or activity dynamics and a slow time scale for demographic
processes.

The aggregation of discrete systems has a clear interest. Discrete time mod-
els are widely used in population dynamics and many ecological models involve
necessarily discrete time. For example, the classical Leslie or Leftkovich models
describe an age or stage, respectively, structured population evolving in discrete
time, [15,16]. Discrete models are also very useful in addressing the population
dynamics of organisms that have distinct breeding periods and life-cycle stages,
notably insects and other arthropods, see [8,18]. A model that has received consid-
erable attention from theoretical and experimental population biologists is that of
the host-parasitoid system, in particular the Nicholson-Bailey model [19], see also
[9].



Though there are some widely used linear models, for example the Leslie model,
the nonlinear models are recognized to be more realistic, density dependence being
a generally accepted characteristic of ecological systems. In this article, we develop
aggregation methods in the case of nonlinear discrete models, we are considering
systems with a linear fast dynamics but a general nonlinear slow dynamics.

The aim of Sec. 2 is to present as easily as possible the method we develop
generally later on. We develop a simple example of a population structured in
two age classes and subdivided geographicaly into two patches. We consider a fast
migration process and a slow demographic process with density dependent survival
rates.

In Sec. 3 we present a general model that distinguish two time scales, with
a group of populations subdivided into subpopulations. The fast dynamics, apart
from linear, is internal for each population and asymptotically leads each population
to certain constant proportions among its subpopulations. The slow dynamics is as
general as possible being represented by a smooth mapping. The global variables
used in the aggregation are the total numbers of individuals in each population,
which are constants of motion for the fast dynamics.

Section 4 is devoted to the general system transformation so as to make ap-
pear the global variables and the differences between original variables and the fast
dynamics equilibrium values. The last ones tends to zero if close enough to the
equilibrium while the global ones govern the dynamics of the system. A version of
center manifold theorem for an invariant manifold of attractive equilibrium points
is used to make precise statements. The same kind of general systems are studied
translating perturbation methods from systems of ordinary differential equations
[12], to yield results of boundary layer type, which is an alternative in the study of
the general system, but not the appropriate tool to reach the aggregation.

Finally, Sec. 5 develops a general model of an age structured population divided
in age classes and subdivided in geographical patches. In the fast time scale is the
migration dynamics and in the slow time scale is the demographic dynamic. The
aggregated system, whose variables are the total number of individuals in each age
class, is a sort of density dependent Leslie model in a slow time scale. The general
method of Sec. 4 is used to yield some asymptotic results for the general system
from the density dependent Leslie matrix appeared in the aggregated system. The
two patch two age-class model of Sec. 2 is worked out to yield the existence of an
asymptotically stable equilibrium.

2. Aggregating a Two Patch Density Dependent Leslie Model

We consider a population with juveniles (age class 1) and adults (age class 2) in
a two patch environment. Let xij be the density of the subpopulation aged i on
patch j at time n. On each patch, the population grows according to a Leslie model.
Individuals belonging to a given age class also move from patch to patch, see Fig. 1.



Let 5j be the survival rate of juveniles on patch j and FI the fertility rate of age
class i on patch j. On each patch j, the growth of the subpopulation is described
by the next Leslie matrix

. (FiLJ = .
5J

F~)
o '

where the survival and fertility rates can be density dependent. For example, we
consider constant fertility rates and survival rates depending on juveniles density
as follows:

This function is monotone decreasing, i.e., the survival rate of juveniles decreases
as their density increases.

The migration of individuals of age i is described by the following migration
matrix

Pi = (1 - Pi qi),
Pi 1- qi

where Pi (respectively qi) is the migration rate from patch 1 to patch 2 (respectively
from patch 2 to patch 1) for individuals of age i.

Furthermore, it is assumed that individuals frequently change patch. For exam-
ple, individuals migrate several times per day while the age class duration is much
larger.

The dynamics of the four variables xu, X12 ,X21 and X22 is thus described by a
discrete system of four equations. The aim of this work is to take advantage of the
two time scales in order to aggregate the system of four equations into a system of
two equations governing the total numbers of individuals of age 1 and 2 (Fig. 2).



In order to aggregate, we shall look for the fast equilibrium of migration and
consequently eliminate the patches. For the sake of simplicity of the calculations it
is convenient to describe the process as shown in Fig. 3, i.e., to group the patches
per age class.

(F1 0)F. - t
t - 0 Fl '



where Xn = (x~1, X~2 ,X~1, x;,2) T. Now we consider a fast time scale in order
to describe migrations. During a short time the variation due to demography is
E: (L Xn - Xn), where E: is a small positive parameter. Consequently, after this
short time interval, the system becomes

where L(E:) = 1+ E: (L - I).
To take into account the fast migration, we simply must multiply by the migra-

tion matrix P,

which is the complete four dimensional model.
The aim of this work is to aggregate this initial model into a simpler system of

two equations governing the total populations of each age class

where 81 = XU + x12 and 82 = X21 + x22.
In the next sections we present and justify the aggregation method in a general

setting. In Sec. 5 we work out the above example.

We suppose in discrete time a general population classified into groups and each of
these groups is divided into several subgroups. We consider a set of p populations (or
groups) which are subdivided into subpopulations (or subgroups), with population
i having Ni subpopulations, i = 1, ,po Let xi,! be the density of subpopulation
j of population i at time n, j = 1, , Ni and i = 1, ... ,p. N is the total number
of variables, i.e. of subpopulations, N = N1 + ... + NP. We use vector Xn to



describe the total population at time n. This vector is a set of population vectors
x~ describing the internal structure of each subpopulations as follows:

and T denotes transposition.
In the evolution of this population we distinguish between two different time

scales, and so we will speak henceforth of two different dynamics, a slow one and
a fast one. The fast dynamics is considered linear meanwhile the slow dynamics is
generally nonlinear. We represent all this by means of the following system:

where P is an NxN matrix and F is a mapping from RN to RN that we will describe
below, (2) and (6), and c is a little positive parameter, c «: 1.

The fast dynamics, represented by the term P X, must verify some hypothesis
so that the general system could be approximately aggregated. For every group
i, i = 1, ... ,p, let fast dynamics be internal, conservative of the total number of
individuals and with an asymptotically stable frequency distribution among the
subgroups. These hypothesis are fullfilled if we let P be a block diagonal matrix

where Pi is a regular stochastic matrix of dimensions Ni x Ni that is the projection
matrix associated to the fast dynamics for every group i.

Every matrix Pi has an asymptotically stable probability distribution
vi = (viI, ... , v

iNi
) T that verifies the following properties:

Pi = lim P~ = (vi I .,. I vi )
k-=

where P~ is the kth power of the matrix Pi.
We denote diag{Pl , ... ,P p } by P, and so we have

lim pk = P.k_=

The global variables whose dynamics is going to be approximated by the aggre-
gated system are the total number of individuals in every population, and we shall
denote it by Si

Ni

i = L xij
, i = 1, ... , P

j=l



and they form the vector S = (sl, ... ,sp)T. Vector S is obtained from vector X
through the so called aggregation matrix U = diag{11, ... , lP},

which allows us to express all the equilibrium points of the fast dynamics from the
global variables as

PeS
that is, X = Pes, : S E RP, are all the solutions of equation X = P X .

We summarize the properties of matrices P, P, P e and U that we will use below.
We will henceforth denote by I the identity matrix of the required dimension.

PPc = PPc = Pc

UP=U; UPc=I; PcU=P.

From (5) we find that S is invariant for fast dynamics

and also the asymptotic property of fast dynamics: if we let Xo be any initial
condition and we make So = U X 0, then we obtain from (3) and (5)

. k - -lun P Xo = PXo = Pe UXo = PeSO'
k-oo

The slow dynamics is represented by the term cF(X), where FE COO(RN), and
following the same notation as for vector X, we have

We suppose that fi(X) = O(lxil), i = 1, ... ,p. From this we see that when for
nonnegative values of variables xij we have

which implies, in particular, that slow dynamics do not produce any variations if
the total number of individuals of a population i is zero.

4. Aggregated Model

In this section we propose an aggregated model for the system (1). For this we
make a change of variables and use the center manifold theorem developed in the



appendix. The result will be a system for the p global variables si whose dynamics
will reflect that of the general system.

4.1. Change of Variables

For every i = 1,... ,p we substitute the variable x
iNi by global variable si and

the other Ni - 1 variables in group i by the new variables qij = xij - vij Si, j =
1, ... , Ni - 1, that is, we change each variable, except the last in every group, by
itself minus the corresponding value in the fast dynamics equilibrium, and the last
ones are changed by the global variables.

We will use the following notation,

qi = (qil, ... ,qiN
i
-l)T and q= (ql, ... ,qP)

N'-l Ni_l

x
iNi = Si _ L xij = Si - L (qij + vij Si) = v

iNi Si - 1 qi

j=l j=l

where 1 means a row vector with every component equal to 1 and the required
dimension for the expression to make sense. Henceforth, we will use this convention
unless stated otherwise.

The last equalities allow us to write

Di=(h) and D=diag{D1, ... ,Dp}

On the other side we already know (4) that s = U X and denoting by A the
projector

[ ( 1 lN
1
) (P pNP) 1 A ( 1 P)Xa, X , ••• , Xa, X --+ Xa, ••. , Xa

We now transform system (1) by using the change of variables described by
(4,8,9) and the equalities (5)

Sn+l = U Xn+l = UP Xn + c UF(Xn) = sn + cUF(Pc sn + Dqn)



qn+l = A (Xn+1 - Pc Sn+l) = A [P Xn + e F(Xn) - Pc (sn + eU F(Xn) ) ]

= A P (P cSn + D qn) - APe Sn+ eA (I - Pc) U F(P cSn + D qn)

= A P D qn + e A (I - P) F(P cSn + D qn)'

If we consider A P D as an (N-p)x(N-p) matrix that we denote by Q, we can prove
that this matrix is block-diagonal, Q = diag{ Ql , ... , Qp }, and that the eigenvalues
of Qi, i = 1, ... ,p, are those of Pi except 1 (see Appendix I), which implies that
the spectral radius of Q is less than one, p(Q) < 1. Moreover, denoting by f the
mapping from RN to RP

Sn+l = Sn+ cf(sn' qn)
qn+l = Qqn + eg(sn,qn)

4.2. Aggregated System

The system (12) verifies the hypothesis of the center manifold theorem developed
in Appendix II. So, for every M > 0, there exists 8 > 0 and a mapping q = h(s, e)
defined for Isl < M and lei < 8, whose graph, We' for a fixed e is locally attractive
invariant manifold that allows us to study the dynamics of system (12) by means
of its restriction to We'

The system restricted to We is what we call the aggregated system and from (23)
has the form

Sn+l = Sn + cf(sn' e(I - Q)-l g(Sn' 0) + O(e2
))

where (11) implies that g(s, 0) = A (I-P) F(P cS). It is also possible to express the
aggregated system in the simpler form



5. Multiregional Density Dependent Leslie Model
with Different Time Scales

In this section we are going to apply the above general aggregation method to the
case of an age-structured population located in a multipatch environment. These
kinds of models have been frequently treated in the literature, to have an introduc-
tion and a list of references see [7,17]. In contrast with these two references, we
propose a model where the migration and the demography processes develop in dif-
ferent time scales, migration being a fast process in comparison with demography.
We will also allow demography to be density dependent.

We suppose a population divided into p age-classes and living in an environment
composed of m patches. We follow the notation of Sec. 2, being

m

i _ '"' ij . - 1sn - L..J xn Z - , ••• , p ,
j=1

We suppose that the changes between different patches of individuals of age i
are represented by a regular stochastic matrix Pi of order mXm. So matrix P =
diag{ P 1 , ... , P p } represents the migration process of whole population.

The demography is defined by means of two kinds of transference coefficients as
in the classical Leslie model:

These coefficients satisfy the usual constraints of Leslie model.
We define matrices Fi = diag{Fl, ... , Fr}, i = 1, ... ,p, Si = diag{S}, ... , Sf'},

i = 1, ... ,p - 1. And finally we get a generalized Leslie matrix

F1 F2 Fp-1 Fp

S1 0 0 0

L= 0 S2 0 0

0 0 Si 0



where L is considered density dependent, so L = L(X) in a general way, or if we
want to reflect that dependence is on total population in every patch we will have
L = L(s).

In order to distinguish between the two different time scales, those associated to
P and L, respectively, we chose as unit time the projection interval corresponding
to P and approximate the effect of L over that interval, which is much shorter than
its own projection interval, using the following matrix

where U L(P cs) Pc is a general density dependent Leslie matrix of order p, denoted
by L(P cs), whose entries are

Ii = 1Fi(P cs) Vi, i = 1, ,p (fertility rates)
Si = 1Si(Pcs) vi, i = 1, ,p - 1 (survival rates)

Here we can notice the way the aggregated system (15) takes account of the fast
dynamics, meanwhile it defines a slow dynamics for the global variables. From
matrix L(Pcs) we can get information about the dynamics of system (14). To give
a simple example, it is easy to prove that if s* is an equilibrium point of the system

and the spectral radius of the linearization of the system at this point is less than
1, the same asymptotic property is verified by the system

that implies the existence of an equilibrium point of the form s* +O( c) with the same
stability property for system (15) and analogously an equilibrium point Pcs* +0(10)
for system (14).



To illustrate the usefulness of the process of aggregation we treat the example
developed in Sec. 2. We suppose a population divided in 2 age-classes and living in
an environment composed of 2 patches, with the migration changes performed in a
much faster time scale than the demographic changes, and with a survival rate in
the young class depending on the density of young individuals.

The migration process is represented by matrix

P = diag{ PI, P2 } = (1 ~P' 1 ~ q, 1 ~ ~ ~ )

o 0 P21-q2

q2
P2 + q2

P2
P2+q2

F2
)o '

(

/11

o . 1+ al xl!Fl ) , z = 1,2 , and S = 0

where /1i and ai are positive parameters.
The general system (14) is

Fl-1 0 p,1 02
0 Ff-1 0 p,2

2

Xn+l = PXn +e /11 0 -1 0 PXn.
1+ al X;,l

0 /12 0 -1
1+ a2 X~2



F. _ Fl qi + F? Pi,-
Pi + qi

5(SI) = _q_l_ J.Ll + ~ J.L2

PI + ql 1+ (11 ql SI PI + ql 1+ (12 PI SI
PI + ql PI + ql

ql J.Ll + PI J.L2

PI + ql + (11 ql SI PI + ql + (12 PI SI

We now try to find under which conditions system (16) has an asymptotically stable
equilibrium. For that, we start studying the same problem for system

that is, the aggregated system negliging the 0(102) term. The system (18) has an
equilibrium s* = (Sh, S2*) T if sh satisfies

1" (ql J.Ll + PI J.L2)and that happens, for S * > 0, If and only If FI < 1 < FI + F2 -----,
. PI + ql

that is

Ff qi + F{ PI < 1< Ff qi + F{ PI + (Fi q2 + F? P2) (ql J.Ll + PI J.L2). (20)
PI + ql PI + ql P2 + q2 PI + qi

In this case there is a unique value Sh which satisfies (19) and the corresponding
S2* is IF';1 Sh. We are proving that s* is always asymptotically stable for small c.

If we call F to the map associated to system (18)

*) (1 - 10 + 10 FIJF(s =
cC(sh)

cF2 )
1-10

C(Sh) = qI_J.L_l + PI J.L2 _ "( ,

PI + qi + (11 ql Sh PI + ql + (12 PI Sh

where"( > 0 is



det(JF(s*)) = (1 - 10+ 10Fd(1 - e) - 102 F2 C(sh)

= 1 + c(Fl - 2) + 10
2 F2 'Y.

and this yields p( JF( s*)) < l.
The previous study of system (18) gives the following information about systems

(17) and (16). If condition (20) is verified then there exists a unique equilibrium,
that is asymptotically stable for small 10, of the form s* + 0(10) for system (17) and
of the form Pc s* + 0(10) for system(16), s* being the unique equilibrium of system
(18).

6. Conclusion

Our method allows to aggregate a complex system with two time scales, obtaining
a simplified model and also the relationships between the parameters of the latter
system and the parameters which control the fast dynamics of the former system.
For example, in the patch and age structured population, the aggregated model is
density dependent Leslie model where the fecundity and survival rates are expressed
in terms of the spatial distributions of individuals on the different patches. Thus,
a change in the spatial distribution has an effect on the aggregated Leslie matrix
that can be calculated.

Our general results allow to make different applications. In the present work
we have only introduced a model of an age structured population in a multipatch
environment, but it is possible to study, for example, the influence of spatial hetero-
geneity on the stability of ecological communities. Spatial heterogeneity can playa
very important role with regard to the stability of ecological communities. We plan
to model a patch structured host-parasitoid community. It would be interesting to
compare the results of our model and of those of the cell automaton spatial model
based on the Nicholson-Bailey model [10].

We also intend to apply our result to the case of the tse tse fly. In the paper
by Jarry et at. [14] a detailed Leslie type model of the Glossina life-cycle has been
given. A two patch Leslie model, incorporating capture and the influence of different



types of density dependent migrations will yield some insights about the growth of
the tse tse fly populations.
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Appendix I

We follow the notations of section 4.1. If we write down the matrix representation
of A and call it also A we have A = diag{A1, ... , Ap}, where Ai is an (N'-l)xNi

matrix of the form (: I: 10), i = 1, ... ,p, with 0 being a column vector zero. So
matrix Q = APD has the form Q = diag{Q1, ... ,Qp}, where Qi = AiPiDi,
i = 1, ... ,p.

For every i = 1, ... ,p, matrix Pi is a regular stochastic matrix of order Ni, which
implies that it has a simple eigenvalue equal to 1 and the rest of the spectrum lies
in the open unit disk. We are proving that Qi is a matrix of order N'-l whose
eigenvalues are those of Pi different from 1.

We decompose Pi into blocks in the following way

where P}l is a submatrix of dimensions (Ni-1)X(Ni_1), p;Z is (Ni-1)X1, pr1 is 1x
(Ni-1) and pr2 is 1x!. So we have

and we can prove the relationship between the characteristic polynomials of matrices
Pi and Qi, IIp

i
(A) and IIQi (A) respectively. Using that columns of Pi sum up to

one we get

IIP
i

(A) = det (_P_;_l_:_l_A_I-r-_P_;_.2_J= det (P}l - AI
Pi pr2

-A) (1-A)1

(

pH _ p12 1 - AI
= det • •o

12 )Pi = (1 - A)IIQ (A).
I-A .

Appendix II

To obtain the aggregated system we use center manifold theory. The classical center
manifold theorem is valid in a neighbourhood of an equilibrium point of a dynamical



system and tells us that it is possible to study the general dynamics of the system
by means of its restriction to a certain invariant manifold, the center manifold
that corresponds to the non hyperbolic part of the equilibrium, see [6]. There are
much more general settings where this kind of results applies, see for instance Hirsch
et al. [11)' where the equilibrium point is allowed to be a general invariant manifold.

In this work, we need a center manifold not only for an equilibrium point,
but rather for a simple manifold of equilibrium points, which represents a small
generalization of the classical result. To be specific let us state the theorem.

Center Manifold Theorem. Let the system

Xn+l = BXn + c:F(xn,Yn)

Yn+l = CYn + c:G(xn,Yn)

be such that x E R k , Y E R m and c: E R, B is an k x k matrix whose eigenvalues
have modulus equal to 1 and C is an mXm matrix of eigenvalues lying in the open
unit disk, and F and G are Coo mappings from R k+m to R k and R m, respectively,
with F(O,O) = ° and G(O,O) = 0. For every M > 0 there exists (j > 0 and a
Coo mapping h( x, c:) defined for every Ixi < M and lEI < (j with range in R m that
satisfies:

ii. For every c:, lEI < 8, the graph of h(·, c:), We, is a locally invariant mani-
fold, that is, for Ixl < M

iv. We is locally attractive, that is, if {(Xk,Yk)} is a solution of system (21) with
Ixol < M and Yo small enough, then there exists {ud solution of Eq. (23)
such that

Proof. We follow the proof of Center Manifold Theorem in [13] (pp. 146-153) using
the functional space



where x = ep'P,E(X) = X + EF(x, 'P(X, E)).
In the system (12) we have B = I, and the points of the form (s,O) represent the

manifold of equilibrium points for E = O. Though, in general, it is not possible to find
out explicitly h(x, E), and even the center manifold is not unique, we know that the
coefficients of its Taylor series are unique, and therefore we could use the equality
(22) to calculate its expansion in 10powers. If we make h(x,c) = chI (x) + 0(102),
then (22) yields

chI [x + cF(x, chI (x) + 0(102))] + 0(102) =

C (chI (x) + 0(102)) + cG(x, chI (x) + 0(102))

h(x, c) = 10(1 - C)-I G(x, 0) + 0(102)

and Eq. (23) admits the form

un+! = Un + cF(un, 10(1 - C)-I G(un,O) + 0(102)) ..
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